We investigate the nucleation process for the possible types of vacuum bubbles. We classify false vacuum bubbles of a self-gravitating scalar field with compact geometries. We show that there exist numerical solutions representing the tunneling from the true vacuum state to the false vacuum state. The solutions are possible only gravity taken into account. We present the analytic computations for the radius and nucleation rate of a vacuum bubble using the thin-wall approximation. We discuss possible cosmological implications of our solutions. 
Introduction
The inflationary multiverse scenario was suggested as a nonsingular regenerating inflationary universe [1] , in which the scenario contains an infinite number of mini-universes or bubbles inside which all possible vacuum states are realized [2] . Our universe would correspond to one of mini-universes or bubbles. In the scenario, there seemed to be no beginning of the whole universe. The expanding bubble as our universe was introduced in the 1930s [3] , in which the bubbles were defined as regions between which no causal influence can ever pass, i.e. they are causally disconnected. One in a bubble could not recognize any other bubbles unless one detects any effect produced by their collisions. In this paper, we will ignore the collisions among bubbles.
We will begin our study with the following three questions:
• Whether the universe could avoid a initial singularity or not?
• Whether the universe came from something or nothing? and
• How could the universe be created with a very low entropy state?
To simplify things, we assume that the universe is homogeneous and isotropic as FriedmannRobertson-Walker (FRW) model. The standard cosmology has the initial big-bang singularity problem [4] . In other words, the cosmology involves that the incompleteness of causal geodesics exists at a finite proper time in the past direction. The spacetime can be singularity-free only if non-spacelike geodesics can be extended without any limit of their affine parameter. Anyway, the initial singularity is an inevitable fact of the scenario since it was provided by the global method. That is to say, it would seem that the singularity avoidance mechanism in general can not be obtained at the level of the equation of motion.
The singularity theorem describes a spacetime can not satisfy causal geodesic completeness if, together with Einstein's equations in the presence of a matter source, some conditions hold [4] . One of traditional prescriptions for escaping this problem is to get the hope which the quantum gravity will resolve the initial singularity problem caused in classical general relativity. The other prescription for this problem is to violate one condition among the ingredients of the theorem. However, it does not mean that the initial singularity could be avoided. Because the assumptions for the singularity theorem are not necessary but sufficient, we should check more detail to escape the singularity problem.
Can the inflationary cosmology avoid the problem? In the period of inflation the universe violates a suitable energy condition but obeys the weak energy condition, one of key ingredients in various singularity theorems. However, many inflating spacetimes are likely to violate the weak energy condition by quantum fluctuations [5] . Thus the inflationary cosmology seemed to escape the initial singularity problem. Unfortunately, the inflationary cosmology suffers from the initial singularity problem. That is to say, the inflationary cosmology must be incomplete in the past direction [6] . It is needless to say that the potential dominated inflationary model can not be eternal into the past. The criteria of their analysis is that the average rate of the Hubble expansion in the past is greater than zero. The simplest strategy is to find the scenario having the rate less or equal to zero in the past. One of these scenarios is known as the emergent universe. The universe was asymptotically the closed Einstein static universe at the past infinite, i.e. the universe has no initial singularity [7, 8] . However, the scenario has instability [9] , which means that the universe in this scenario has the finite history in the past direction. The scenario seems to have a beginning but not at the initial singularity.
For de Sitter(dS) spacetime, the dS spacetime as the spatially flat Friedmann model with the exponential function of a scale factor is geodesically incomplete. Some geodesic observers in that model can reach at spatial infinity within a finite proper time. While dS spacetime as the closed Friedmann model can be geodesically complete. In the model, the coordinates cover the whole space. The geometry of the closed model has a three-dimensional sphere. Their geodesic normals contract with deceleration from an infinitely large spatial radius in the past infinity by the repulsive gravity of the false vacuum to a minimum spatial separation and then re-expand with acceleration to the future infinity [10] . Inflation begins in dS only after reaching its minimum radius. Thus the necessary part for inflation is only half of the dS as a closed Friedmann model. In this regard, dS for inflation is incomplete in the past direction. A different point of view avoiding the singularity problem using two arrow of times separated by a dS like bounce was studied in Ref. [11] and [12] , in which the special boundary conditions at the bounce are required [13] .
There have been many studies on this subject including various theories of gravity [14, 15, 16, 17, 18] , although the singularity theorems for the various theories of gravity are not completely known. One could guess that a nonsingular model in those theories may correspond to the model with the violation of the energy condition in the view point of Einstein gravity. The initial singularity would be prevented by repulsive forces in loop quantum cosmology [14, 19] . Recently the transition from anti-de Sitter(AdS) to dS as the case of avoiding big crunch singularities was studied in that framework [20] and using the modified Friedmann equation [21] . Anyway, the above transitions are not connected to the nucleation process of a vacuum bubble.
If we consider the multiverse rather than a single universe, it seems to be unclear. In the chaotic inflationary model, different parts of the expanding region was created at different moments of time, and then grow up. Thus the universe as a whole does not have a single beginning. If we take into account the process of self-reproducting exponential expansion of the universe, the situation will be much more complicated [22] . In this respect, some geodesics in the chaotic inflationary model can be past-eternal even a set of measure zero, while others can reach certain boundary in a finite proper time. In contrast to the view in [22] , it was emphasized that the inflation must have a beginning [13] . The multiverse scenario may have the so-called measure problem, the problem is beyond the scope of this work. Thus we will do not mention further about the problem in the present paper.
We now address the case of creating a universe. In Ref. [23] , the author speculatively considered our universe appeared as a fluctuation of the vacuum. He considered our universe is closed one. In order to obey the energy conservation, he employed the well-known fact that the total energy of a closed universe is vanishing. In his model, he did not explain about the origin of the background universe.
There have been studied on the creation of a universe in the laboratory [24, 25, 26] , i.e. by man-made processes. The authors considered the massive false vacuum bubble over some critical value of the mass, it is surrounded by a black hole in the view point of the outside observer. From insider observer's point of view, the false vacuum bubble can inflate without eating up the true vacuum region. From outside observer's point of view, one can only see the black hole and can not recognize the creation of a universe. In Ref. [27, 28] this disconnecting region was called as a child universe. However, these bubbles start from the initial singularity. If one wants to create a false vacuum region within the true vacuum region one may violate the null energy condition. It is known that a faster inflating region within a horizon of the lower inflating region or a non-inflating region could be created only if the null energy condition could be violated (see [29] for the recent work). We tried to obtain the false vacuum bubble within the infinite geometry as the nucleation process of a vacuum bubble in Ref. [30] , which has error terms, thus the question within reasonable parameter values remains to be explored. The case corresponding to the small dS false vacuum bubble with the negative tension within the large dS geometry (compact geometry) is possible (The case is not possible in the Einstein gravity.) [30, 31] .
A simple question on the creation of the universe is whether our universe was created from something or nothing, in which something means that there are a spacetime as wall as the laws of physics forever. And there was a event correspond to the creation of a universe without any singularity through certain uncertain mechanism from the parent environment. Nothing means that the universe created with a minimum size from nothing as a quantum event [32, 33, 34, 35] or through the no boundary proposal [36] . However, one does not assume the prior time in order to remove confusion. After creation the time has the meaning. In this respect, nothing would be unstable. One could assume the laws of physics could be applied into the nothing to treat the creation as a physical event.
The cosmic landscape scenario is the design that involves a huge number of different metastable and stable vacua providing all possible states realizing the laws and constants of nature [37, 38, 39, 40] . In this kind of framework the tunneling process becomes a remarkable event. If the vacuum has a positive energy density, dS, then the transition from a lower to a higher vacuum is possible. This is the so-called recycling process [41] . On the other hand, if the vacuum has a negative or zero energy density, the reverse tunneling from the true to the false vacuum state is not possible. Those are called as terminal vacua [42] , sinks [43] , or black region [44] . The fraction of the comoving volume of dS vacua decreases as time goes on due to the existence of the sinks [43] . The black region has vanishing cosmological constant as a non-inflating region. They described that the rate for tunneling from the black vacuum to white vacuum with the positive vacuum state is vanishing [44] . If the string theory landscape scenario allows our solutions, then the concept of above terminologies could be modified due to the nucleation of false vacuum bubbles.
From above scenarios, the tunneling process giving rise to the nucleation of a vacuum bubble has taken on renewed importance. In the semiclassical approximation, the energy of the metastable vacuum state with the correction due to the contributions of multibounce configurations has the form E = ω 2
, where the energy has an imaginary part, which means that the state is unstable. The nucleation probability of the vacuum bubble is given by Γ ∝ Ae −B/ , in which the pre-exponential factor A was studied in Ref. [45, 46, 47, 48, 49] . The exponent B is the difference between Euclidean action corresponding to the solution and that of the background geometry. We are interested in obtaining the coefficient B.
The paper is organized as follows: in the next section we set up the boundary conditions for our new solutions with compact geometries. We employ the Euclidean approach to obtain the Euclidean action providing the probability for tunneling as well as the numerical solution connecting between one vacuum state and the other one. We classify the possible types of vacuum bubbles (both true and false vacuum bubbles) in the Einstein gravity with a minimally coupled scalar field. In Sec. 3, we show that there exist the new solutions representing the false vacuum bubbles with the compact true vacuum geometry as the interpolating numerical solution. We solve the coupled equations for the gravity and the scalar field simultaneously. The false vacuum bubbles with only compact geometries are possible in the Einstein gravity. We estimate the radius of bubbles and the probability of the solutions using the thin-wall approximation. In the final section, we summarize our results. We discuss the Boltzmann brain problem, the entropy of the universe (our third question), and the implications of our results.
Set-up and the classification of vacuum bubbles
We study the simple model in the Einstein gravity with a minimally coupled scalar field. The scalar field potential has two non-degenerate minima. One minimum corresponds to a true vacuum state and the other corresponds to a false vacuum state. Both states could be spatially homogeneous and classically stable. However, they could be metastable quantum mechanically, and so they could decay via tunneling processes. We study an inhomogeneous tunneling channel.
Let us consider the following action:
where κ ≡ 8πG, g ≡ detg µν , R denotes the Ricci curvature of spacetime M, K and K o are traces of the extrinsic curvatures of ∂M computed with outward-pointing normals in the metric g µν and η µν , respectively, and the second term in the right-hand side is the boundary term [50, 51, 52] . The gravitational field equations can be obtained properly from a variational principle with this boundary term. This term is also necessary to obtain the correct action.
Here we adopt the notations and sign conventions in Ref. [53] . The scalar potential U(Φ) in Eq. (1) has two non-degenerate minima with the lower minimum at Φ T and the higher minimum at Φ F
where the parameter ǫ is roughly the difference between U(Φ F ) and U(Φ T ). We are interested in the tunneling with five different types as shown in Fig. 1 . Arrows show directions of the tunneling transition between vacua. Type (1) indicates the tunneling between dS-dS vacua. Type (2) for the tunneling between dS-flat vacua. Type (3) for the tunneling between dS-AdS vacua. Type (4) for the tunneling between flat-AdS vacua. Type (5) for the tunneling between AdS-AdS vacua. After Euclidean rotation we take an O(4) symmetry for both Φ and the metric g µν , expecting its dominant contribution [54] . The general O(4)-symmetric Euclidean metric takes the form
Then, Φ and ρ depend only on η and the Euclidean field equations for them become
respectively and the Hamiltonian constraint is given by
where the prime denotes the derivative with respect to η.
In the first place, we classify the possible types of true vacuum bubbles. The tunneling occurs from the false vacuum state to the true one. Next we mention the tunneling between degenerate vacua. And then we classify the possible types of false vacuum bubbles. We call 'flat' for the geometry with the vanishing cosmological constant, 'dS' for the positive cosmological constant, and 'AdS' for the negative cosmological constant. We call also 'small', 'half', and 'large' if the portion of the dS space does not exceed half, is equal to half, and does exceed half, respectively. We call 'finite' for the geometry with a compact size. According to the terms [55] we omit the mention 'infinite' for the geometry with infinite size when used without confusion.
Historically, the flat bubble with large dS geometry and the AdS bubble with infinite flat geometry were first investigated in Ref. [56] , in which the nucleation rate and the radius of a bubble were obtained by employing the thin-wall approximation. The general cases with an arbitrary vacuum energy, i.e. small dS bubble with large dS geometry, flat bubble with large dS geometry, AdS bubble with large dS geometry, AdS bubble with infinite flat geometry, and AdS bubble with infinite AdS geometry, were investigated in Ref. [57] , in which the general formula for the above cases of the true vacuum bubble was obtained. The spontaneous creation of a membranes [58] , the decay of metastable state as the conformal vacuum [59] , and four different instantons corresponding to a true vacuum bubble in a dS geometry was studied in Ref. [60] . The possible types of the true vacuum bubble within the dS geometry was studied in Ref. [55] , in which six types of the true vacuum bubble was analyzed in more detail. The case representing the AdS bubble with finite flat geometry [61] and the AdS bubble with finite AdS geometry were studied [62] . In Ref. [61] the authors studied the case of the AdS bubble with large dS geometry. The geometry is compact, which means ρ is zero at η max . They reduced the vacuum energy to zero within the false vacuum state as maintaining ρ = 0 at η max . They found bounce solutions corresponding to a kind of domain wall solution. The separation of regions between 'finite' flat geometry with ρ = 0 at η max and 'infinite' flat geometry with ρ = ∞ at η max (= ∞) is called Grate Divide. In Ref. [62] the authors studied the same case of inside AdS bubble, where the outside geometry has a compact one with changing from positive to negative vacuum energy, i.e. ρ = 0 at η max . For the false vacuum bubbles, some of them within dS geometry were studied in Refs. [63] and [55] .
We now classify the vacuum bubbles in the Einstein gravity with a minimally coupled scalar field. At first we classify the true vacuum bubbles. Some of them with dS geometry were studied in Ref. [55] . We distinguish between half and small dS geometry using the thin-wall approximation despite the fact that the distinctions between half and small dS geometry is not clear among the numerical solutions.
The possible types of true vacuum bubbles are as follows: (t-1) small dS bubble -large dS geometry, (t-2) small dS bubble -half dS geometry, (t-3) small dS bubble -small dS geometry, (t-4) flat bubble -large dS geometry, (t-5) flat bubble -half dS geometry, (t-6) flat bubblesmall dS geometry, (t-7) AdS bubble -large dS geometry, (t-8) AdS bubble -half dS geometry, (t-9) AdS bubble -small dS geometry, (t-10) AdS bubble -infinite flat geometry, (t-11) AdS bubble -infinite AdS geometry, (t-12) AdS bubble -finite flat geometry, (t-13) AdS bubble - finite AdS geometry. From the case (t-1) to (t-11), the bubbles correspond to the ordinary CdL-type bubbles. The additional cases are (t-12) and (t-13). For the cases (t-10) and (t-11) the solutions have the infinite geometry. The others have the compact geometry.
For the bounce solutions having degenerate vacua [64, 65, 66, 67] , the possible cases are (d-1) dS -dS [64, 65] , (d-2) flat -flat, and (d-3) AdS -AdS [65] . All cases have the compact geometry with Z 2 symmetry. The mechanism for making the domain wall or braneworld-like object is different from the ordinary formation mechanism of the domain wall because our solutions are instanton (bounce) solutions rather than soliton solutions [65] . In other words, our solutions can be interpreted as solutions corresponding to the domain wall by an instanton-induced theory rather than a soliton-induced theory. The oscillating solutions with Z 2 symmetry [68] could be interpreted as a mechanism providing nucleation of the thick wall for topological inflation [69, 70] .
The schematic diagrams for 14 possible types of false vacuum bubbles with the compact true vacuum geometry or matching with the thin-wall approximation are illustrated in Fig. 2 . The figures of the first row (1-1) -(1-3) represent the dS interior and dS exterior geometry, those of the second row (2-1) -(2-3) represent the dS interior and flat exterior geometry, those of the third row (3-1) -(3-3) represent the dS interior and AdS exterior geometry, and those of the fourth row (4-1) and (4-2) represent the flat interior, AdS interior and AdS exterior geometry, respectively. The cases of the fifth row in Fig. 2 -B do not have a stationary point in the action. Therefore, these solutions are not possible.
We classify the possible types of false vacuum bubbles as follows (See, Fig. 2 ): (f-1) large dS bubble -small dS geometry, (f-2) half dS bubble -small dS geometry, (f-3) small dS bubble -small dS geometry, (f-4) large dS bubble -finite flat geometry, (f-5) half dS bubble -finite flat geometry, (f-6) small dS bubble -finite flat geometry, (f-7) large dS bubble -finite AdS geometry, (f-8) half dS bubble -finite AdS geometry, (f-9) small dS bubble -finite AdS geometry, (f-10) flat bubble -finite AdS geometry, (f-11) AdS bubble -finite AdS geometry [67] .
All cases have the compact geometry. Among them in Fig. 2 , only 11 types of matching can be obtained as the numerical solutions (Fig. 2-A) . From (f-1) to (f-9), the false vacuum bubbles have the positive vacuum energy, i.e. the cases represent the nucleation of dS space. If we compare the false vacuum bubbles with the true ones, we can make a pair between the false and true one. The pairs consist of ((f-1) and (t-1)), ((f-2) and (t-2)), ((f-3) and (t-3)), ((f-4) and (t-4)), ((f-5) and (t-5)), ((f-6) and (t-6)), ((f-7) and (t-7)), ((f-8) and (t-8)), ((f-9) and (t-9)), ((f-10) and (t-12)), and ((f-11) and (t-13)). If we employ the transform η → η max − η, the bounce solutions for a false vacuum bubble could be expected. The important thing is to show the existence of the false vacuum bubbles as the numerical solutions and obtain the nucleation probability. The implications of the solutions could be also important when the solutions could be applied to the history of the very early universe. In what follows, we suppose that the background space initially resides in the homogeneous true vacuum, Φ T . Due to the asymmetry of the potential, the probability for Φ T selected as the initial background state is slightly larger than the probability for Φ F . The probabilities for both Φ T and Φ F will be same in the case of the vanishing ǫ, i.e. the case under the potential with degenerate minima. Although the higher probability for Φ T , there is a significant disparity between two situations. The tunneling from Φ F to Φ T , down-tunneling, is quite natural. However, the tunneling from Φ T to Φ F , up-tunneling, is not quite natural. In the absence of gravity, the event may not occur. Our work is devoted to the event in the presence of Einstein gravity. The strategy for obtaining our solutions is straightforward. We impose the boundary conditions in accord with the solution what we want to obtain. After finding the numerical solutions yielding above equations, we will calculate the radius and the nucleation rate of a vacuum bubble.
We now impose the boundary conditions to solve Eqs. (4) and (5). Because above equations have diverse solutions, we have to impose the boundary conditions in accord with our purpose to get the new solutions. Let us consider a boundary value problem. For this purpose, the values of the field ρ and derivatives of the field Φ are imposed at both ends of the evolution parameter, i.e. η = 0 and η = η max as follows:
where η max is the maximum value of η and is a finite value in this work. The first two conditions are for the background space. The last two conditions are for the scalar field. The first condition is to obtain a geodesically complete spacetime. The second condition is to obtain a compact geometry. For dS background the second condition is natural. The third and fourth conditions guarantee that the solutions are regular at both ends as can be seen from the first equation in Eq. (4). We now mention one superfluous condition on the initial value of Φ| η=0 = Φ o , which is not determined. One should find the initial value of Φ using the undershoot-overshoot procedure. Some initial Φ o will give the overshooting, in which the value of Φ at late η value will go beyond Φ T or Φ F with a nonvanishing velocity. Some other initial value Φ o will give the undershoot, in which the value of Φ at late η does not climb all the way up to Φ T or Φ F . Thus, the value Φ o should exist within an intermediate position between the undershoot and overshoot [71] . Then, the solution yields a maximum of the action rather than a minimum, i.e. it gives the saddle point of the action. This implies the existence of a negative mode as a bounce solution. The negative mode is caused by the variation for the behavior of the magnitude of the action depending on the magnitude of the radius of a bounce solution [45] . We employ these boundary conditions for our bounce solutions. We note that the condition for new solutions is to have the existence of ρ ′ = 0. In other words, it can be given by
where U(Φ top ) indicates the local maximum point of the potential U(Φ). If the parameter ǫ is equal to zero, then the condition is reduced to the follows:
The nucleation of a false vacuum bubble
We solve the coupled equations for the gravity and the scalar field simultaneously. After finding the numerical solutions we estimate the radius and the nucleation rate of a vacuum bubble using the thin-wall approximation.
Numerical solutions
We rewrite the equations in terms of dimensionless variables as in Ref. [65] . We employ the shooting method using the adaptive step size Runge-Kutta as done in Ref. [72] . For this procedure we choose the initial values ofΦ(η initial ),Φ ′ (η initial ),ρ(η initial ), andρ ′ (η initial ) at η =η initial as follows:
whereη initial = 0 + ε and ε ≪ 1. In numerical calculation, we takeη initial = ε instead of 0 to obtain a regular evolution as the first step, as one can check the smoothness of each term in Eq. (4). The functionsΦ(η initial ),Φ ′ (η initial ),ρ(η initial ), andρ ′ (η initial ) are smooth, so that one can employ the Taylor expansions of these functions around the initial values as above. After finding the initial valueΦ o numerically, the other conditions are given by Eqs. (8) .
In order to ensure the regular solution atη =η max in Eq. (4), we demand the conditions dΦ/dη → 0 andρ → 0 asη →η max . In this work, we require that the value of dΦ/dη goes to a value smaller than 10 −6 asη →η max , as the exact value ofη max is not known. 
Nucleation rate
When the coefficient ǫ in Eq. (2) is small in comparison with all other parameters of the model, we can make use of the thin-wall approximation scheme to evaluate B. The validity of that in the case of a true vacuum bubble has been examined [73, 74] . We assume the thin-wall approximation is still valid in this work. Analogous to the case in the absence of gravity, the Euclidean action could be divided into three parts: B = B in + B wall + B out . The contribution of the wall is given by B wall = 2π 2ρ3 S o , in which 2π 2ρ3 is treated as a constant inside the wall and the surface density or the tension of the wall S o (= ) is a constant. Actually, the fields vary continuously between one and the other vacuum state as shown in numerical solutions. The ǫ-dependent term in Eq. (2) and the damping term in Eq. (4) were neglected since the leading order does not depend on ǫ [71] . We note that the contribution to B wall by ǫ has different signs, i.e. + contribution for up-tunneling and − contribution for down-tunneling when used Eq. (4). We now compute the contribution from the inside of the wall B in . The expression will depend on the size of the bubble and the background geometry. As pointed out in Ref. [55] , if the size of dS bubble is larger than half of its dS size, the integration range of the false vacuum region in B in should be divided into two parts. Likewise, if the size of dS background is larger than that, the range should be also divided into two parts as for the case (1-1) in Fig. 2 . Thus the formula for B in can be described as where ρ max (F/T ) = 3/κU F/T for dS geometry and we use the relation
where + is for 0 ≤ η < η max /2, 0 is for η = η max /2, and − is for η max /2 < η ≤ η max , respectively. We can estimate that there are two bubbles with the same radius formula when dS space of the topology S 4 is involved in the nucleation process. One corresponds to the large bubble. The other corresponds to the small bubble. For the large one,
, while for the small one, ǫ < . We now consider the contribution from the outside of the wall B out . The outside of the wall does not contribute to B for true vacuum bubbles with the infinite geometry and false vacuum bubble in only dS space. The outside geometry after tunneling is compact as that of dS space. Therefore we consider the initial geometry with the sizeρ goes to infinity except for dS space. We also study the effect as the size increases. For both flat and AdS space, we have to carry out integration by parts carefully. The contribution B out is vanishing for dS background geometry due to the subtraction between the solution and background, in which they have the same sign in Eq. (10) . On the other hands, the contribution is non-vanishing for flat and AdS background geometry due to the different signs. The final form from the contribution of the outside part in both flat and AdS geometry is evaluated to be
where (1-1) large dS bubble -small dS geometry This case was considered in Ref. [63] , where the authors obtained the ratio between the decay rate of the true vacuum and that of the false vacuum. The radius and nucleation rate were evaluated using the thin-wall approximation in Ref. [55] 2 . Here we used the relation (1 −
This case occurs when ǫ = 3κS (1-3) small dS bubble -small dS geometry The radius of the bubble and the nucleation rate have the same form as in Eq. (12) . This case occurs when ǫ < 3κS 
. The cases (2-1), (2-3), (3-1), (3-3), (4-1), and (4-2) have the form
When we put U T → 0 for (2-1), (2-2) and (2-3) we can get the same form of the radius for (2-1) and (2-3) as in Ref. [56] . It can be continuously matched at the case (2-2). The nucleation rate can be also continuously matched among three cases. We consider the case of (2-1), (2-2) and (2-3) with the condition 1 > κ 3ρ i2 max U T . The final form of B is evaluated to be
where O(U T ) is vanishing and the finite action is
for (2-3), respectively. For all three cases, B is negative. The negative sign is related to the fact that the Euclidean action for Einstein gravity is not bounded from below. It could not be avoided in our framework. Anyway, we can get the finite action for these cases.
For (3-1), (3-3), (4-1), and (4-2), if we consider the infinite initial background space which meansρ The relation between the boundary term from the integration by parts and the boundary term in Eq. (1) was clarified in Ref. [75] . In this work, there is no the boundary term from the integration for the solution due to the compact geometry, while the the boundary term from the integration for the background geometry is canceled by the the boundary term in Eq. (1).
Summary and Discussion
We have studied the nucleation process of the false vacuum bubbles in the Einstein gravity with a minimally coupled scalar field, in which the potential havs one higher vacuum state and the other lower vacuum state. If we take into consideration there was the phase transition as a tunneling process in the early universe, we will think what kind of the process was possible. The tunneling from the higher vacuum state to the lower vacuum state, down-tunneling, is always possible and quite natural. Sometimes the inverse tunneling from the lower to the higher, uptunneling, could be also possible. In this work, we would like to know which up-tunnelings are possible even our approach does not have any quantum gravity effect. This is also related to the classification of the possible types of vacuum bubbles.
The possible type of a vacuum bubble is related to the cosmological constant in our framework. We concentrated on obtaining the dS geometry because our universe has had dS like inflationary phase. We have shown that there exist the numerical solutions corresponding to the nucleation of false vacuum bubbles. We solved the coupled equations for the gravity and the scalar field simultaneously.
We obtained the radius of bubbles and the nucleation rates as analytic computation using the thin-wall approximation. The solutions representing the nucleation of a false vacuum bubble are possible only the gravity taken into account. The solutions could be expected by η → η max − η from the case of a true vacuum bubble. The important thing is to show the existence of the false vacuum bubbles as the numerical solutions and obtain the nucleation probability. We expect that our solutions are nonsingular at η max , because we are sure our numerical solutions being smooth at η max . We demanded the conditions dΦ/dη → 0 and ρ → 0 as η → η max to ensure the regular solutions at η = η max .
If we accept that the assumption of the thin-wall approximation could be valid, the cases (2-1), (2-2) and (2-3) could give the finite action. It is not clear how to interpret the physical meaning of the negative value of the action in the present work. It is related to the fact that the Euclidean action for Einstein gravity is not bounded from below, which is known as the conformal factor problem in Euclidean quantum gravity [76, 77] . This issue is not central to our work. The important thing is the fact that, once the dS vacuum can exist, the inflationary expansion could be eternal into the future and has the possibility of the self-reproduction.
For (3-1), (3-3), (4-1), and (4-2), the diverging background subtraction cause the solutions being unclear due to the diverging tunneling rate. In order to get the finite value of B, we need to employ the finite sizeρ i max cutoff for the initial background space. For the nucleation process of a true vacuum bubble, there is the great divide representing the separation between the true vacuum bubble with a non-compact and a compact geometry having a non-positive cosmological constant, in which the solution with the compact geometry can be interpreted as a kind of domain wall production. While there are false vacuum bubbles with only a compact geometry having a non-positive cosmological constant in our framework.
We have began our study with the following three questions:
We fist discuss the third question. To explain the Boltzmann brain problem [78] , we first mention the Poincaré recurrence theorem. It states that every closed or finite conservative system, no matter how large, will return arbitrarily closed to its initial configuration within a finite time or after the Poincaré recurrence time periodically [79] . Let's think over the maximum entropy state. The state represents the thermal equilibrium state. If we wait a sufficiently long time, fluctuations will allow the entropy to occasionally decrease from that point to its low entropy state, and then it will return to the equilibrium state. If the theorem could be applied to the universe itself, the history of the universe would be changed completely. The theorem seems to imply that our universe could start in a low entropy state, evolve to the thermal equilibrium state, and then back to the low entropy state again by fluctuations. The entropy of the universe seems to be bounded from above. What kind of a life in this respect could be an ordinary observer? The one of most likely fluctuations is simply one's brain instead of an entire person fluctuating out of the surrounding chaos and then gradually equilibrating back into chaos again. This kind of observer is so-called the Boltzmann brain [78] (See [80] for a very good review and history of that). If our universe would be a kind of fluctuation out of an equilibrium state in the eternal spacetime, the ordinary observer like us would be much less than the total number of Boltzmann brains. This is the Boltzmann brain problem. To avoid the problem, we should show that the universe is not a random fluctuation out of an equilibrium state or the entropy of the universe is unbounded from above.
The early universe or inflationary phase may begin with the extraordinarily low entropy state [81] . One does not know the exact reason why the universe began with the very low entropy state. In this respect, the low entropy state in the early universe could be an additional assumption as an initial condition. In the inflationary universe scenario, the entropy could be produced in the reheating process, the transition period from the dS like phase to Friedmann universe, in which the process corresponds to a highly complicated non-equilibrium period. In other words, the inflaton field is assumed to decay into ordinary particles. If the universe could be considered as an effectively isolated system, the cosmic expansion corresponds to an adiabatic expansion in the thermal history of the universe. It is said that the entropy is related to the particle species, the number of photons and neutrinos for the most part, and the assumption of the adiabatic expansion in the thermal history of the universe. The entropy of the universe is also connected to the flatness problem of the visible universe. When one ignores the production or the existence of black holes, almost of the total entropy of the present observable universe were created during the reheating phase according to the inflationary scenario [82, 83] . The entropy production could give the arrow of time as the thermodynamic arrow. The entropy puzzle for the universe with randomly-chosen initial condition [12, 84, 85] could be naturally avoided by the above fact, i.e. beginning with the very low entropy state and the highly complicated irreversable events, even there still remain many unsolved puzzles on the choice of our universe with the low entropy, highly fine-tined initial conditions, value of constants of nature, and etc.
According to the recent measurements, one of largest contributors to the entropy of the observable universe today is supermassive black holes at the centers of galaxies S SM BH ∝ 10 104 . The entropy within the cosmic event horizon as the largest contributor is estimated as S CEH ∝ 10 122 [86] . Recently the entropy of the universe was introduced as an entanglement entropy [87] . How could the entropy of the universe be unbounded from above? If the nucleation process could occur occasionally then the the entropy of the given background could be unbounded from above by the irreversable events.
We have had a question on avoiding the initial singularity problem and on the universe from nothing or something. We expect that if the inverse tunneling from the flat or AdS to dS was possible in the very early universe the whole universe could be complete in the past direction without the initial singularity and the universe could be created from something within the multiverse or the cosmic landscape scenario. If our solutions are applied to the scenarios, the concept on the terminal vacuum or sink could be modified.
We expect that the multiverse or the cosmic landscape scenario could resolve some of the puzzles including the cosmological constant problem. If the scenario has a huge number of different metastable and stable vacua, the study on the tunneling among different vacua could have physical significance and deserve further investigation. If the universe allows the continuous tunneling process to lower vacuum or high vacuum state even it will take the extremely long time, there could be no Boltzmann brain problem [78] . If our mechanism works in the whole universe, the universe starts with zero entropy and increases to the maximum value according to the inflationary scenario and black hole formations after dS bubble creation. However the entropy of the universe is unbounded from above due to the uncleation in our framework. The measure problem including our results in the scenarios remains to be explored. 
